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Abstract 

We prove a bijection between finite-dimensional irreducible modules for an 
arbitrary quantum affine algebra Uq{Q) and finite-dimensional irreducible mod- 
ules for its Borel subalgebra Uq{Q)-^ . 

1 Introduction 

Quantum affine algebras have played a significant role in diverse areas of mathematics 
and physics. These algebras can be associated with vertex operator algebras and 
feature prominently in conformal field theory (j3], [7j). They also have important 
connections with symmetric functions, in particular with Kostka-Foulkes polynomials 
([21, |E], In this paper, we focus on finite-dimensional irreducible modules of 

an arbitrary quantum affine algebra Uq{Q). These modules were classified by Chari 
and Pressley in terms of Drinfeld polynomials in We relate finite-dimensional 
irreducible modules for f/g(g) to finite-dimensional irreducible modules for its Borel 
subalgebra f/g(0)-°, where the Borel subalgebra is the nonnegative part of Uqi^Q) with 
respect to the standard triangular decomposition. 

Benkart and Terwilliger showed in pP that for the quantum affine algebra Uq{s{2)^ 
there is a bijection between finite-dimensional irreducible modules for Uq{s{2) and 
finite-dimensional irreducible modules for the Borel subalgebra t/g(s[2)-°. In partic- 
ular: 

* Supported in part by National Science Foundation Grant #DMS-0353038. 



1 



(i) Let be a finite-dimensional irreducible C/g(s[2)-°-module of type (ei, £2)- Then 
the action of ?7g(s[2)-° extends uniquely to an action of Ug{sl2) on V. The 
resulting [/g(5[2)-Hiodule structure on V is irreducible and of type (£:i,£:2)- 

(ii) Let be a finite-dimensional irreducible [/q(s[2)-module of type (ei, 62)- When 
the ?7g(sl2)-action is restricted to Ug{sl2)-^, the resulting [/g(sl2)~°- module struc- 
ture on V is irreducible and of type {61,62). 

Our main result, contained in Theorem 18.11 extends the result of [Jj to an arbitrary 
quantum afiine algebra Uq{g). This situation contrasts with the case where g is a 
finite-dimensional simple Lie algebra. In that case, one can show that every finite- 
dimensional irreducible f/g(g)-°-module is one-dimensional. 

Our proof contains two key ingredients: the equitable presentation of Uq{Q) and the 
notion of a split decomposition. The equitable presentation of Uq{g), introduced by 
Terwilliger in [15J, has the attractive feature that all of its generators act semisimply 
on finite-dimensional irreducible Uq{Q)-modu\es. A split decomposition of a module 
V is, roughly speaking, a decomposition constructed from two eigenspace decompo- 
sitions of V by intersecting sums of eigenspaces. For other examples of split decom- 
positions in the literature, we refer the reader to P, [Oj, and [Hj. 



2 The quantum afRne algebra Uq{Q) 

Throughout the paper, we let ¥ be an algebraically closed field of characteristic 0, and 
we let denote the set of nonzero elements of F. We fix g e F^ such that q is not a 
root of unity. We let Z denote the ring of integers, and we set 1/2 Z = {n/2\n G Z}. 

Definition 2.1. Let n denote a positive integer and let A denote a symmetrizable 
generalized Cartan matrix of order n and affine type [12^ p. 1]. Since A is symmetriz- 
able there exist relatively prime positive integers Si, . . . , s„ such that SiAij = SjAji 
for 1 < i, j < n. Since A is of affine type, by ^21 Thm. 4.3] there exists a column 
vector u = {ui, . . . ,Un)'^ such that ui, . . . ,Un are relatively prime positive integers 
and Au = 0. 

For 1 < i < 72 we do the following. We define qi = q^\ Also, for an integer m we 
define 



and for m > we define 

[m]\ = [mUm-l]i---[2]i[l]i. 
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We interpret [0]' = 1. For integers m > r > we define 



Let g = q'{A) denote the Kac-Moody algebra over C that corresponds to A ^21 P- 



XI 



Definition 2.2. j3 p. 280] With reference to Definition 1.1, Uq{Q) is the unital 
associative F- algebra with generators Ei, Fi, Kf^ (1 < ^ < which satisfy the 
following relations: 



(Rl) KiK-^ = K-'K, = 
(R2) KiK^ = K,K,, 
(R3) K,E,Kr' = qf^'E,, 
(R4) KiF^Kr^ 



1, 



a- F 



(R5) EiFj — FjEi = Oij 7-, 



l-A 



■I] 



r=0 

l-A 



r=0 



1 - A; 



1 - A; 



^1 Aij- 



pl Aij- 



EjEl 



FF"^ 



if i 7^ J, 



if i ^ j. 



The expression 6ij in (R5) is the Kronecker delta. 

We denote by Ug{Q)-'^ the subalgebra of Ug{g) generated by the elements Ei, Kf^ 
{1 < i < n). We call f/g(g)-° the Borel subalgebra of Uq^Q) because of its sim- 
ilarity to the standard Borel subalgebra of the universal enveloping algebra of a 
finite-dimensional simple Lie algebra over the complex numbers. We want to de- 
scribe the relationship between finite-dimensional irreducible modules for Uq{Q) and 
finite-dimensional irreducible modules for f/g(g)-°. To this end, we consider finite- 
dimensional irreducible modules of the following algebra. 

Definition 2.3. The algebra U-'^ is the unital associative F-algebra with generators 
Cj, kf^ {I ^ i < n) which satisfy the following relations: 
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(rl) kikr^ = k-^h = 1, 



(r3) kiCjk^ ^ = 




(r4) $^(-1) 




r 







if i j. 



r=0 



We let [/° be the subalgebra of f/-° generated by fcj (1 < z < ra). We let ?7^° be 
the subalgebra of f/-° generated by Cj (1 < i < n). Note that by (r3) we have 

f/>0 = f/Of/>0 = f/>Of/0_ 

Our first goal is to explain the exact relationship between finite-dimensional ir- 
reducible [/q(0)-modules and finite-dimensional irreducible [/-"-modules. In order to 
state our results precisely, it is necessary to make a few comments. 

Let V denote a finite-dimensional irreducible Uq{Q)-modvle. Then for 1 < i < n 
the actions of Ki on V are semisimple [10, Prop. 5.1]. Furthermore (by fOJ Thm. 
2.6]), there exist scalars Ei G {1,-1} such that each eigenvalue of on V is of the 
form EigY" (m G Z). We call the sequence e = (ej)"=i the type of V. 

Let V denote a finite-dimensional irreducible [/-"^-module. As we will see in 
Section 4, for 1 < i < n the action of ki on V is semisimple. Moreover, there exist 
scalars ctj G such that the set of distinct eigenvalues of ki on V is OjAj where 
Aj C {g["|m G Z} and A,; = {6'~^|6' G Aj}. We refer to the sequence a = {ai)2^i as 
the type of 

Our main results concerning Ug{Q) and U-^ are contained in the following two 
theorems and the subsequent remark. 

Theorem 2.4. Let V denote a finite- dimensional irreducible U-^ -module of type a. 
Let E G {1, —1}". Then there exists a unique Uq{Q)-module structure on V such that 
the operators Ei — Eia^^Ci and Kf^ — Eiaf^kf^ vanish on V for 1 < i < n. This 
Uq^o) -module structure is irreducible and of type e. 

Theorem 2.5. Let V be a finite- dimensional irreducible Uq{Q)-module of type e. Let 
a G (F^)". Then there exists a unique U-^ -module structure on V such that the 
operators Ei — EiU'^Ci and Kf^ — Eiof^kf^ vanish on V for 1 < i < n. This f/-"- 
module structure is irreducible and of type a. 

Remark 2.6. Take a G (F^)" and e G {1, —1}". Combining Theorems 1.4 and 1.5, 
we obtain a bijection between the following two sets: 
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(i) The isomorphism classes of finite-dimensional irreducible [/-''-modules of type 
a; 

(ii) The isomorphism classes of finite-dimensional irreducible Uq{Q)-modviles of type 
e. 



3 Preliminaries 



For the discussion that follows, we will need the equitable presentation of Uq{g) in- 
troduced by Terwilliger in [T3] . 

Proposition 3.1. 1-?<5L Thm. 5.1] The quantum affine algebra Uq{g) from Definition 
\2/^ is isomorphic to the unital associative ¥-algebra with generators Kf^, Yi, Zi (1 < 
i < n) which satisfy the following relations: 

(El) K,Kr^ = Kr^K, = 1, 

(E2) KiK, = KjKi, 

(E3) Y,K, - q-^'^K,Y, = K,K,{1 - gr^-), 

(E4) Z,K, - qf'^K.Z, = K,K,{1 - qf-), 

(E5) Z,Y, - qfY.Z, = 1 - qf, 

(E6) Z,Y, - qf-Y,Z, = K,K,(l - qf'^) if i ^ j, 



l-A 



(E7) $^(-ir 



r=0 
l-A 



(E8) $^(-ir 



r=0 



1 - A- 



1 - A; 



—Aij 

i s=0 
i s=0 



if i 7^ J- 



The isomorphism with the presentation in Definition \2.^ is 

Y,^ Ki + Eiiqi-qr'), 
Zi-^ Ki- KiFiqi{qi - q^^). 
The inverse of this isomorphism is 

E, ^{Y,-K,){q,-qr^y\ 

F, ^{l-K.'Z,)q-\q,-q-Y\ 
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Remark 3.2. The relations in Proposition 13.11 differ slightly from |I5 1. Thm. 5.1]. 
To get our relations from the relations in ^SJ Thm. 5.1], simply apply the Chevalley 
involution of Ug{g) which sends Kf^ — > K^"^, Ei Fi, and Fi Ei. 

For the rest of the paper we identify the two copies of Uq{Q) given in Definition 
12.21 and Proposition 13.11 via the isomorphism in Proposition 13.11 We now give the 
equitable presentation of f/-°. 

Proposition 3.3. \15\. Thm. 5.1] The algebra f/-" from Definition \2.^ is isomorphic 
to the unital associative ^-algebra with generators kf^,yi (1 < i < n) which satisfy 
the following relations: 

(el) kik^ ~ ki = 1, 
(e2) kikj ^ kjki^ 

(eS) yikj - q^^^'kjyi = kikj{l - q~^''), 

1 - A,- 



r=0 



l-Ai 



Vi 



VjVi 



s=0 



The isomorphism with the presentation for f/-° given in Definition 

yi^ ki + ei{qi - q^^). 
The inverse of this isomorphism is 
ei {yi - ki){qi - q~^)-\ 



IS 



For the rest of the paper we identify the two copies of f/-° given in Definition IT 
and Proposition 13 .31 via the isomorphism in Proposition 13.31 We will make use of the 
following additional relation in U-^. 

Lemma 3.4. \15\ line (19)] The following relation holds in f/-° for all 1 < i, j < n 

with i ^ j: 

I- A, 



r=0 



l-Ai 



Vi 



e,y\ = 0. 



(3.1) 



Proof. This is proved for f/g(g) in |[15, pp. 309-311]. The proof carries over to f/-° 
in a straightforward fashion. □ 
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4 Eigenspace decompositions 



Throughout this section, we fix a finite-dimensional irreducible [/-^-module V. By a 
decomposition of V we mean a sequence of subspaces of V whose direct sum is V. 

Lemma 4.1. For 1 < i < n there exist G F^, a positive di G V2Z, and a 
decomposition {f/j(s)}^f?Q ofV such that the following hold: 

(i) {h - «igr*/)f/.(s) = OforO<s< 2di, 
(11) Ui{0) ^ and Ui{2di) ^ 0. 

Moreover, ki is semisimple on V . 

Proof. For G F let U{9) = {f G V\kiV = 6v}. From (r2), (r3) we observe the 
following for 1 < j < n: 

kjU{e) c u{e), (4.1) 



e,-C/(^) C U{eqt'^). (4.2) 

Since F is algebraically closed, ki has an eigenvalue in F. Thus there exists G F such 
that U^f]) 7^ 0. Since ki is invertible on V, we have rj ^ 0. The scalars rjq^ {k G Z) 
are mutually distinct since qi is not a root of unity. Because V is finite-dimensional, 
there exists m G Z such that Uijqq^) 7^ and U{rjq() = if s < m. Also, there 
exists M G Z such that U{r]qf) ^ and U{'qqO = if s > M. Set := mt^^^^^^ 
and := (M - m)/2. Set Ui{s) := U{aiql~'^') for < s < 2di. By the construction 
we have (i) and (ii). Moreover, the sum X]s=o^*('^) invariant under f/-" by ()4.1|) . 
(j4.2p . The sum is nonzero since f/i(0) 7^ 0, so by irreducibility this sum is equal to V . 
Since the Ui[s) are eigenspaces for ki corresponding to distinct eigenvalues, the sum 
is direct. Thus {[/i(s)}^f?Q is a decomposition of V as desired. Clearly ki is semisimple 
on V. □ 

Definition 4.2. For notational convenience, we define Ui{s) = 0ifs<0ors> 2di 
{l<i< n). 

Definition 4.3. With reference to Lemma (4. If the sequence a = (a^)"^^ is the type 
of V. We refer to the sequence d = {di)^^^ as the shape of V. 

Remark 4.4. In Section 4 we will show di eTj for 1 < i <n. 

Lemma 4.5. For 1 < i < n let the decomposition {Ui{s)}l'^Q be as in Lemma \4.1\ 
Then the following hold for I < j < n and < s < 2di: 
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(ii) ejUi{s) C Ui{s + Aij). 

Proof, (i) By ()4.H) . kiUi{s) C Ui{s). The result follows since fcj is invertible on V. 
(ii) follows immediately from ()4.2|) . □ 

Lemma 4.6. Let S be a subspace of V that is invariant under f/^°. Suppose there 
exist integers i and s such that 7^ Ui{s) C S*. Then S = V . 

Proof. By hypothesis we have U^^Ui{s) C U^^S C 5*. Thus it suffices to show 
U^^Ui{s) = V. By construction, U^^Ui{s) is nonzero and invariant under U^^. Using 
(r3) and Lemma 03^1) we find U^^Ui{s) is invariant under f/°. Thus U^^Ui{s) is 
invariant under and we have U^^Ui{s) = V since V is an irreducible ?7-°- 

module. The result follows. □ 

Lemma 4.7. For 1 < i < n let the decomposition {Ui{s)}l'to be as in Lemma \^.l\ 

Then the following holds for < s < 2di: 

{Vi - «,gr*/)f/,(s) C Ui{s + 2). (4.3) 

Proof. In ()4.3|) evaluate the left-hand side using Ui = ki + {qi — ql^)ei. The result 
follows from Lemma f4.ir i) and Lemma f4.5r ii). □ 

Lemma 4.8. For 1 <i <n there exists a decomposition {Vj(s)}^f!Q ofV such that 

iVi - a,qr'''I)V,{s) =0 (0 < s < 2d,). (4.4) 
Moreover, Ui is semisimple on V . 

Proof. By (I4.3|l the product ns=o(^* ~ ciiiQi~'^'I) vanishes on V. Since the scalars 
aiql~'^^ are mutually distinct, we find that yi is semisimple on V with eigenvalues 
contained in the set {aiql~'^^\Q < s < 2di}. We define Vi{s) := {v G V\yiV = aiq'J~'^'}. 
Thus ()4.4|) holds by construction. Since yi is semisimple with eigenspaces Vi{s), we 
see that {Vi{s)}l'to is a decomposition of V as desired. □ 

Definition 4.9. For notational convenience, we define Vi(s) = if s < or s > 2di 

(1 < i < n). 

Lemma 4.10. For 1 < i < n let the decomposition {Vi{s)}l'^Q be as in Lemma \4.^ 

Then the following hold for < s < 2di: 

(^) ik.'-ar'qt-^I)V,{s)CV,{s + 2), 
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(tt) ejVi{s) <^Y^Vi{s + A,, + 2t) if 1^3 (1 < J < n) . 

Proof, (i) By (e3) (with i = j) we have 

{y^k■'-q^k;'y,~I + q^mis) = 0. 
Applying (j4.4p we obtain 

= {y,kr' - a.qr'^'-'kr' - + q^mis) 



The result follows. 

(ii) Let 5* denote the left-hand side of (jH.lj) and note that S = 0. Applying S to 
Vi{s) and using ()4.4|1 . we find that S agrees with 

U^y^-<y^gr''^^''^''I)e, (4.5) 

i=0 

on Vi{s). Therefore ()4.5|) is zero on Vi{s). The result follows using ()4.4|) . □ 

Lemma 4.11. For 1 < i < n let the decompositions {Ui{s)}l'to and {Vi(s)}^f?Q be as 
in Lemmas \4 1\ and 7]^ respectively. Then for < s < 2di we have 

oo oo 

5^t/,(s + 2t) = ^V,(s + 2t). 

t=0 t=0 

Proof We set X := T^Zo^iis + 2t) and X' := T^Zo^ii^ + 2^)- We show that 
X = X'. Let be an integer with N > di-s/2. Note that X = Y.t=o ^^i^ + 2^) and 
X' = Et=o y^i^ + 2t)- Let T := Y[Z^{y^ - a^gr*^'*^)- Then X' = [v e V\Tv = 0} 
by (gai), and TX = by (jO)). Thus X C X'. Now let 

S-l AT 

r=0 i=0 

Observe that SV = X' by (Q, and ^1/ C X by (|01), so X' C X. Thus X' = X, 
completing the proof. □ 
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5 Split decompositions 

We fix a finite-dimensional irreducible t/-*^-module V of type a and shape d. For 
1 < i < n we use the decomposition {Ui{s)}l'to of V from Lemma 14.11 and the 
decomposition {Vi{s)}l'to of V from Lemma to construct a third decomposition 
{W.is)}ltoofV. 

Definition 5.1. Let s be an integer. For 1 < i < n we define 

Note that Wi{s) = 0ifs<0ors> 2di. We will show that {Wi{s)}l% is a 
decomposition of V. Toward this end, the following definition will be useful. 

Definition 5.2. Let u and v be integers. For 1 < i < n we define 

W,{u,v)= (^^U,iu-2t)j n (^^V,i2d,~v-2t)^ . 

Lemma 5.3. Choose integers u and v with <u,v < 2di. With reference to Defini- 
tion \5.^ the following hold for 1 < i < n: 

(t) (A;ri - «rigf-«/)l^,(«,^) c W,{u -2,v- 2), 

(ii) {y, - a,qt-''I)Wi{u, v) (ZWi{u + 2,v + 2), 

(Hi) ejWi{u, v) C Wi{u + Aij,v + Aij) ifi^j. 

Proof, (i) By Lemma f4.ir i) we have 

oo oo 

iK' - «r'?f ""^) J2^^{u-2t)cY^U,{u-2- 2t). 
By Lemma f4.10r i) we have 

oo oo 

{k-' - a^'gf ^ii'^di - ^ - 2t) C ^ Vi{2d, -v + 2-2t). 
The result follows from the above inclusions and Definition 15.21 
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(ii) By we have 



{Vi - aiqf-"!) Y,Ui{u- 2t) C ^ + 2 - 2t). 
t=o t=o 

By (jO|) we have 

oo oo 

{y^ - oi,qt~"I) ^^(2^^ - ^ - 2t) C ^ V,{2d, -v-2-2t). 

The result follows from the above inclusions and Definition 15.21 
(iii) By Lemma [4.51^ 11) we have 

oo oo 

Cj Ui{u - 2t) C ^ Ui{u + Aij - 2t). 

t=0 t=Q 

By Lemma f4.inr ii) we have 

oo oo 

Cj Y ViC^di -V -2t) cY Vi{2di - V - Aij - 2t). 

The result follows from the above inclusions and Definition 15.21 □ 

Corollary 5.4. With reference to Definition \5.^ and Definition \2.!A the sum 

Xlsez + s,v + s) is invariant under U^^ . 

Proof. Set S := J2s&i, ^ii'^ + s,v + s). For I < j < n with j i we have CjS C S* by 
Lemma l5.3r iii). By Lemma 15.3( 1) we have ^"^5* C S, so kiS C S also. By Lemma 
I5.3r ii) we have yiS C S. Using Cj = {yi — ki){qi — q^^)^^ we have CiS C S. The result 
follows. □ 

Lemma 5.5. Let u and v he integers with u < v. Then for 1 < i < n the space 
Wi{u,v) from Definition \5.^ is zero. 

Proof. We assume Wi{u,v) ^ and derive a contradiction. Set S := X]sgz^«('" + 
s,f + s) and note S* 7^ 0. We first show U'^S = V. Clearly U^S is nonzero and 
invariant under ?7°. By (r3) and Corollary 15. 4[ U^S is invariant under f/^°. Thus 
U^S is a nonzero subspace invariant under f/-°, and we have U^S = V since V is an 
irreducible ?7-''-module. Now we show U'^S 7^ V for a contradiction. To this end, we 
claim that U^S is contained in the sum 

2di+u—v 

E ^'(^)- (5.1) 

s=0 
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For s G Z note that Wi{u + s,v + s) is contained in (jS.lj) by Definition 15. 2[ By this 
and since each Ui{s) is ?7°-invariant by Lemma f4. 51 we find that U'^S is contained in 
(15.111 . But ()5.1|1 is not equal to V by Lemma 1411 Thus U^S ^ V, and we have a 
contradiction. The resuh follows. □ 

Theorem 5.6. Choose i with 1 < i < n. With the notation of Definition 4-1, 
{Wi{s)}1'tQ is a decomposition ofV. Further, di G Z. 

Proof. We first show di G Z. Suppose not. By construction, di G y2Z, so 2di is an 
odd integer. Now applying Definition 15.21 we find 

Wi{0, 1) = Ui{0) n {V,{2d, - 1) + . . . + Vi{2) + Vi{0)) 

= Ui{0) n {Ui{2di - 1) + ■ • • + t/,(2) + Ui{0)) (by Lemma B3T]l 
= Ui{0). 

Observe VFj(0, 1) = by Lemma f5. 51 and Ui{0) 7^ by Lemma f4.ir ii) for a contradic- 
tion. Thus di G Z. 

We now show {Wils)}^^ is a decomposition of V. To this end, consider the sum 
S ■■= Ef=oW^*(s). We first show S = V. Note W,{s) = Wi{s,s) by Definition O 
Thus S is invariant under f/^° by Corollarv 15.41 We have 

W,{0) = f/,(0) n {Vi{2di) + ■■■ + V,i2) + y,(o)) 

= Ui{0) n {U^{2d,i) + --- + Ui{2) + Ui{0)) (by Lemma EH) 
= Ui{0) 

so Ui{0) = Wi{0) C S. Thus S = Vhj Lemma iH 

Finally, we show that the sum X]s=o ^ii^) is direct. Since this sum is equal to V, 
V is the sum of 

5^W^.(2s) (5.2) 

s=0 

and 

di-l 

j2w^{2s+l). (5.3) 

s=0 

By Definition 15. H ()5.2j) is contained in Yl'^LoUi{2s) and ()5.3j) is contained in 
XlfLo^ t/j(2s + 1). Since {t/j(s)}^f?Q is a decomposition of V^, the intersection of (|5.2|) 
and ()5.3p is zero. Thus V is the direct sum of ()5.2|) and ()5.3|) . We now show that the 
sum fj5.2|) is direct. It suffices to show that 

{Wi{0) + W,{2) + ■■■ + Wi{2m)) n W,{2m + 2) = 
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for < m < di. By Definition 15 . II we have 

[WiiQ) + Wi{2) + • • • + Wi{2m)) n Wi{2m + 2) 

(oo \ / oo 

^ f/i(2m - 2t) 1 n I ^ V,{2di - 2m - 2 - 2t) 
t=o J \ t=o 

= iyj(2m, 2m + 2) = (by Lemma EiSl) , 

so the sum ()5.2|) is direct. Similarly we see the sum ()5.3j) is direct. The result 
follows. □ 

Lemma 5.7. For 1 < i < n let the decomposition {Wi{s)}1'^(^ be as in Definition \5.1\ 
Then the following hold for < s < 2di: 

(i) iK' - ar\f'-^I)W,{s) C W.{s - 2), 
{vi - a4^-n)W,{s) C Wi{s + 2), 
(ill) ejWi{s) C Wi{s + Aij) ifi^ J. 

Proof. Note that Wi{s) = Wi{s,s), and apply Lemma 1^31 □ 

Lemma 5.8. For 1 < i < n let the decompositions {f/j(s)}^lQ and {Vi{s)}1'^Q be 
as in Lemmas \4 1\ and \4-8\ respectively. Let the decomposition {Wi{s)}1'to be as in 
Definition \5.1\ Then the following hold for < s < 2di: 



(i) ^W,(s-2t) = 5;]f/,(s-2t), 

t=Q t=0 
oo oo 

(li) J2 ^ii^ + 2i) = XI -s-2t). 



t=0 t=0 

Proof (i) Let X := Y.Zo ^ii^ ' 2^) and X' := Ui{s - 2t). Note that X C X' 

by Definition 15.11 To see the reverse inclusion, choose an integer X with X > s/2. 
Define 

r=-di t=0 

By Lemma 14.1( 1) we have SV = X'. By Lemma 15.7( 1) we have 5*1^ C X. Thus 
X' C X, and X = X' as desired. 
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(ii) Let F := Et=o ^^(^ + 2^)' and Y' := J2Zo ^^C^^i -s-2t). Note that Y CY' 
by Definition 15 .11 To see the reverse inclusion, choose an integer N with > di — s/2. 
Define 

di N 

r=di-s+l t=0 

By dO)) we have TV = Y'. By Lemma IKTTii) we have TV C Y. Thus Y' C Y, and 
y = y as desired. □ 



6 The (7g(g)-module structure 

We fix a finite-dimensional irreducible [/-"-module V of type a and shape d. Let 
e = (£i)r=i ^ this section, we will construct a [/g(0)-module structure on 

y of type e and show that this structure satisfies the requirements of Theorem I2.41 

Definition 6.1. Recall the decomposition {Wi{s)}l'^Q from Definition 4.1. With 
reference to Proposition 13.11 we let the generators Kf^, Yi, and Zi of Uq{Q) act on V 
as follows for 1 < i < n. Let Kf^ act as Siaf^kf^. Let Yi act as SiaJ^yi. Let act 
as the linear operator V ^ V such that for < s < 2di, Wi{s) is the eigenspace of 
Zi with eigenvalue eiql~'^\ 

We now show that these actions satisfy the relations of Uqi^Q), giving a ?7g(g)- 
module structure on V . 

Remark 6.2. Recall that Ei = {Yi — Ki)q^^{qi — Qj^'^y^ and Cj = {yi — ki)ql^{qi — 
q^)^^- In view of Definition EUl Ei acts on V as Sia^ei. 

Lemma 6.3. With reference to Defimtion \6. 1\ and B.em,ark \6. g| the following relations 
hold on V for 1 <i < n: 

(i) Z,Ki - qfK.Z, = (1 - qf)Kf, 

(it) ZiY, - qlY.Z, = (1 - q^)l, 

(lii) ZiEh = qf^'^EhZi ifi^h. 

Proof. Since {Wi{s)}l'to is a decomposition of V, it suffices to show that (i)-(iii) hold 
on Wi{s) for < s < 2di. 

(i) By Lemma fS.Tf i) we have the following for < s < 2di: 
= {Z,- e.qr''-'l){Kr^ - e.qf^-'I)W.{s) 
= {Z,K7^ - s,qr''-'K7' - s^ci^-'Z, + qfl)W.{s) 
= {Z,K-' - q-'Kr^Z, + (gr^ _ l)l)W,{s). 
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The result follows after rearrangement of terms. 

(ii) By Lemma EZfii) we have the following for < s < 2di: 

= {Z,Yi - q^K.Z, + - l)l)Wi{s). 

The result follows. 

(iii) By Lemma [5.7^ 111) we have the following for < s < 2di: 

= (Z,-£,gr*^^"^^)^/^W^.(^) 
= {Z,Eu~qf^^E,,Zi)W,{s). 

The result follows. □ 

Lemma 6.4. Choose i and j with I < i, j < n. With the notation of Defi,nition \6.1\ 

the following relation holds on V : 

Z,K, - qf'^K.Z, = K,K,{1 - qf^). (6.1) 

Proof. The result holds for i = j hj Lemma ElSti), so we may assume i ^ j. It 
suffices to show Zi — qf'^ KjZiK^^ = (1 — qf'^)Ki on V. To this end, we define 

S ■={ve V\{Zi-qf''KjZiKr^)v = {l~qf'')Kiv} and show S = V.We do this using 
Lemma lOl with s = 0. Recall 110) 7^ by Lemma ICTii). We claim that Ui{0) C S. 
By Lemma Em Ui{0) is equal to Wi{0), the eigenspace of Zi with eigenvalue etq^'^' . 
By Lemma EiSfi), Ui{0) is equal to KjUi{0) = KjWi{0), the eigenspace of KjZiKj^ 
with eigenvalue eiq~'^' . Since f/i(0) is also the eigenspace of Ki with eigenvalue e^q^'^' , 
we have {Zi — qf'-'KjZiKj^)v = (1 — qf'^)KiV for v G t/i(0), so f/i(0) C 5 as claimed. 
We now show that S is invariant under U^^ . To this end, we first show 

(Z, - qt'^KjZ,Kf)Ey, = qf^^EniZ, - qf^^K^Z^R-') (6.2) 

for 1 < h < n. To verify ()6.2j) for h ^ i, take the term E^ that appears on the 
left-hand side and routinely pull it to the left using (r3) and Lemma l6.3f iii). For 
/i = i, it suffices to show ()6.2p with E^ replaced by Yi — Ki in view of Remark 16.21 
To verify the modified ()6.2|1 . take the factor Yi — Ki that appears on the left-hand 
side and pull it to the left using (e2), (e3), and Lemma lOT i). (n). It follows from 
fl6.2|l . Remark |6.2^ and (r3) that 5* is invariant under U^^ . We have now shown that 
5* contains f/i(0) 7^ and is invariant under f/^°, so by Lemma 14.61 we have S = V. 
The result follows. □ 
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Lemma 6.5. Choose i and j with 1 < i,j < n and i ^ j. With the notation of 
Definition W.ll the following relation holds on V : 

Z,Y, - qt''Y,Z, = K,K,{1 - qf'^). (6.3) 
Proof. By Lemma (6. 3^ 111) and Remark 16.21 we have 

Zi{Y, - K,) - qf^Y, - Kj)Zi = 0. 
The result follows using 1)6.11) . □ 

Lemma 6.6. Choose i and j with 1 < i,j < n and i ^ j. Let the decomposition 
{Wi{s)];1'^Q he as in Definition \5.1\ With reference to Definition 16'. il we have the 
following for < s < 2di: 

—Aij 

{Z.J - Kj)W,{s) C Wi{s + + 2t). (6.4) 

i=0 

Proof. Exchanging i and j in ()6.ip and applying Lemma I4.in ) we have 
= [e^^'Z, - qf-'KiZ, - e.gr^ir, + qf'^ K,K,)U,{s) 
= {K, - £,gr'"^")(^. - K,)U,{s). 
Thus {Zj - Kj)Ui{s) C Ui{s - Aij). We also have 

= (ZjYi - qt^'YiZ, - KjYi + qf'^ Y^K j)Vi{s) (by ^ and (e3)) 
= {Yi - Eiq-''^''^^' I){Zj - Kj)Vi{s) (by (jO)) and Definition EH) . 
Thus {Zj - Kj)Vi{s) CVi{s- Aij). It follows that 

(oo \ / oo 

Y,Ui{s-2t)]nlYl -s-2t) 
t=0 J \t=0 

/ oo \ / oo 

C Yl ^^(^ - 2t - Ai,) ) n Vi{2di -s-2t- Ai^ 



j=o / \t=o 

oo \ / oo 



J2w^{s-2t-A,) \ n 5^W^,(s + 2t + A, 
,t=o / \t=o 

(by Lemma ElUi), (ii)) 

—Aij 

= ^ Vri(s + A,,+2t). 
t=o 

as desired. □ 
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Lemma 6.7. Choose i and j with 1 < i, j < 2di and i ^ j- With the notation of 
Definition W.ll the following relation holds on V: 



l—Aij 

E 

r=0 



1 - A 



r 



^l—Aij r 



n (1 



(6.5) 



s=0 



Proof. To prove 1)6 .Sj) . it suffices to show 

l—Aij 



r=0 



1 - A 



and 



l-A; 



E (-1)" 



r=0 



l-A 



^1 Aij T 



KjZl = k] 



n (1 



(6.6) 



(6.7) 



s=0 



We ffist show ()6.6|) . Since {VFj(s)}^f!Q is a decomposition of V^, it suffices to show that 
()6.6|1 holds on Wi{s) for < s < 2(ij. Let s be given. By Definition 16. the left-hand 
side of fl6.6|) equals rit^'^l-^j — e^ql'^^''^^'^^ ~ Kj) on PVj(s), and this product is 

zero in view of Lemma (6.61 We have shown ()6.6|) . We now show ()6.7|) . To this end, 
we ffist recall a few identities. By fOl P- 6] we find that for integers m > r > 1, 



m 




m 




m + 1 


r 


i 


r — 1 


= % 


r 



(1 < i < n). 



(6.8) 



The following identity is a special case of the g-binomial theorem ^ p. 236]. For an 
indeterminate A and for an integer m > 0, 



m— 1 



r=0 



r=0 

Using (|6.ip . (|6.8p . and induction we obtain 

m 



-l-2r 



- r 



(l<i<n) 



(6.9) 



r=0 



r-1 



KlKjZ^-' 



n(i- 



(6.10) 



s=0 



Evaluating the left-hand side of ()6.7p using ()6.10|) we obtain 



E E (-ir 



r=0 s=0 



1 - Aij 




'l-A,-r- 


r 


i 


s 



s-1 



(6.11) 
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For < s < 1 - Aij the coefficient of KfKjZ] in (|FrTT|) is equal to 



1 - A; 



l-A: 



E 

r=0 



1 Ajj S 



(l-Aij-s-r)(Aij+s) 



s-1 



n(i 



(6.12) 



In view of ()6.9|) . the expression ()6.12p is equal to nt=o ~ Q'i^'^^^*)- Equation 

(|6.7p follows. We have shown and (|6.7|) . Adding these equations we get (|6.5p as 
desired. □ 



Proof of Theorem 12.41 To get a t/g(g)-module structure on V, we initially work 
with the equitable presentation for ^/^(g) given in Proposition 13.11 Recall that in 
Definition 16. H we defined actions of the equitable generators Kf^^ Yi, and Zi (1 < 
i < n) on V. We now show that these actions satisfy the relations of Ug{g). The 
actions satisfy (E1)-(E3) by (el)-(e3), (E4) by (jnH), (E5) by Lemma Qii), (E6) 
by ()6.3|) . (E7) by (e4), and (E8) by ()6.5|) . Thus these actions give a ?7g(g)-module 
structure on V. By Definition 16.11 Kf^ — Siaf^kf^ vanishes on V for 1 < i < n. 
By Remark l6.2[ Ei — SiOl^ei vanishes on for 1 < i < n. The f/q(0)-module V is 
irreducible since V is an irreducible [/-^-module. It is straightforward to check that 
V has type e. 

Concerning the "uniqueness" assertion, suppose we are given a f/q(0)-module 
structure on V such that the operators Ei — Sia'^ei and Kf^ — Siof^kf^ vanish 
on V . We show that this structure coincides with the one described in Definition 
16.11 Clearly the actions of Ki and Ei are as in Definition 16.11 Thus we may describe 
the given structure as a set of linear operators Ki, Ei, and Fi {1 < i < n) satisfying 
relations (R1)-(R8). In contrast with Fi, we let Fi act on V as prescribed by Def- 
inition 16.11 and the isomorphism of Proposition 13.11 We now show that Fi = Fi for 
1 < i < n. Let i be given. Consider the set X := {f G ^K-^i — Fi)v = 0}. We 
argue that X = V. Since V is an irreducible [/-^-module, it suffices to prove that 
X 7^ and X is invariant under f/-°. We ffist show that X is invariant under f/-°. 
Note that Fi and F^ both satisfy (R4) and (R5), so Fi — Fi commutes with Kj, Ej 
for 1 < j < n. By hypothesis, Kj = ejaj^kj and Ej = ejaj^ej on V. Thus Fi — Fi 
commutes with kj, ej for 1 < j < n, and it follows that X is invariant under 
We now show X 7^ 0. Take 7^ f G Ui{0). By (R4), FiV is in the eigenspace of Ki 
corresponding to eigenvalue eiq~'^^~'^, but this space is by Lemma f4.1[ Similarly we 
have FiV = 0. Thus f G X, and we have shown X 7^ 0. Since V is an irreducible 
f/g(0)-module, we have X = V as desired. It follows that the given f/q(0)-module 
structure on V is identical to the [/g(0)-module structure described in Definition 16.11 
Hence, the t/q(0)-module described in Definition 16.11 is unique. □ 
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7 The proof of Theorem 12.5 



This section is devoted to a proof of Theorem 12.51 We begin with a few comments 
about the quantum algebra Uq{sl2) and its modules. 

Definition 7.1. fn\ p. 122] The quantum algebra Uq{sl2) is the unital associative 
F-algebra with generators e, /, and k which satisfy the following relations: 

kfkr' = q-'f, 

k~k~^ 



[eJ] 



q-q 1 



Lemma 7.2. 11 1\ p. 128] Let V denote a finite- dimensional irreducible Uq{s{2)- 
module. Then there exist e G {1,-1} and a basis vo,vi, . . . ,Vd for V such that 
kvi = eq^^~'^Vi for < i < d, evi = [i + l]fi+i for < i < d — 1, evd = 0, 
fvi = e[d — i + l]vi-i for I < i < d, and fvo = 0. 

The proof of the next lemma is straightforward. 

Lemma 7.3. Let V denote a finite- dimensional irreducible Uq{Q)-module. Then for 
I < i < n, there exists a unique U q{5l2) -module structure on V such that e — Ei, 
f — Fi, and k^^ — Kf^ vanish on V . 

Definition 7.4. Fix a Cartan subalgebra f) of q. Let ()* be the dual of f). Fix simple 
roots ai, G f)* and simple coroots a^, . . . , G (). Then for 1 < i, j < n we 

have (ajjoj) = Aij. Let V denote a finite-dimensional irreducible ?7g(g)-module of 
type e = For A G f)* we define the weight space Vx by 

Vx = {ve V\KiV = Eiqj^''^^^ for 1 < i < n}. 

We denote the set of weights of V by A = {X E i)*\Vx 0}. For 1 < z < n we define 
linear operators : [)* ^ [)* by 

r,{X) = X - {X,a^)ai (l<j<n). 

Let W be the group generated hj Vi {1 < i < n). Then W is the Weyl group 
associated with q |121 p. 35]. 

Lemma 7.5. fTTl Prop. 5.1] Let V be a finite- dimensional irreducible Uq{g)-module 
with set of weights A. Then V = XIaga (direct sum). Moreover, Ei and Fi are 
nilpotent on V {1 <i < n). 
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Lemma 7.6. Let V be a finite- dimensional irreducible Uq{g)-module with set of 
weights A. Choose i with 1 < i < n, and suppose A G A with (A, a/) < 0. Then 
the following hold. 

(i) The restriction of ^ ' ''^ to V\ is an isomorphism of vector spaces from Vx to 
(a) For all V G Vx, ^ ' v = if and only if FiV = 0. 

(Hi) The restriction of F-^ ^ ' to Vr^[x) is an isomorphism of vector spaces from 

Vr,{X) to Vx- 

(iv) For all v G K-,(a); ^ ' ' = z/ and only if EiV = 0. 

Proof, (i) Using Lemma 17^ view as a f/g(s [2) -module such that k acts as Ki, f 
acts as Fi, and e acts as Ei. As a [/^(s [2) -module, V is the direct sum of irreducible 
?7q(s[2)-modules. Let S be an irreducible [/^(s [2) -module summand with S nVx 7^ 0. 

Then by Lemma 17^ • ' ' ^ = e^(^'"' ) is an isomorphism from S* fl to fl Vr^(x)■ 
The result follows. 

(ii) Without loss of generality, f G for some irreducible [/g(s[2)-submodule S of 

V. Then E^ ^ ' '"^v = e^~^^'°'^ )w = if and only if FiV = /f = by Lemma 17.21 
The result follows. 

(iii) , (iv) These results follow in a manner analogous to (i), (ii). □ 

Corollary 7.7. Let V be a finite- dimensional irreducible Uq{Q)-module with set of 
weights A. Let W be the Weyl group from Definition \7.J\ Then for w G W , Va 7^ 
if and only if Ku(a) 7^ 0. 

Proof. Since W is generated by the linear operators r^, we may assume w = ri for 
some 1 <i <n. The result now follows from Lemma f7.(ir i). (iii). □ 

Lemma 7.8. Let V be a finite- dimensional irreducible Uq{Q)-module with set of 
weights A. Choose A G A with A 7^ 0. Then there exist integers i and j with 
^ ^ i, j ^ n such that (A,a^) < and {|A,aJ) > 0. 

Proof. Recall the integers Ui from Definition 12.11 Define KG i) hj K := X]r=i 
(cf. [121 p. 80]). Since A 7^ and > for 1 < i < n, it suffices to show (A, K) = 0. 
To this end, we define C E Uq{g) hy C := YYi=i ■ Note that for any t> G Va, we 
have Cv = -Lqf^'^^v. We claim that C acts on V as ±1. It will follow that (A, K) = Q 
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as desired. We observe that C is the central element of V described in jHJ Thm. 
12.2.1]. By O Prop. 12.2.3], C acts on V as ±1, so the claim holds. The result 
follows. □ 



Lemma 7.9. Let V be a finite- dimensional irreducible Uq{Q)-module with set of 
weights A. Let S be a subspace of V such that KiS C S and EiS C S for 1 < i < n. 
Then we have the following: 

(ii) Forl<j<n,SnVxy^Oif and only if S n V;^,(a) ^ 0. 

Proof. Since 5* is invariant under Ki [1 < i < n), we have (i). To see (ii), note that 

if (A,aJ) < then Ep ' is an isomorphism from S f] Vx to S Vr^ (a) by Lemma 
I7.6r i) and the hypothesis EjS C S, so the result holds in this case. If (A, aj) > we 
argue as follows. 

Let WX be the orbit of A under W. V is finite-dimensional, so WX is a finite set by 
Lemma Fm Construct a directed graph with vertex set WX and edge set consisting 
of all edges (/ii,yU2) ^ WX x WX with the following property: 

there exists h {1 < h < n) such that < and fi2 = rft(/ii). (7.1) 

If (/ii,/i2) is an edge of the graph, ()7.H) guarantees S fl V^^ = S H V^^ in view of 
Lemma tL6(i) and the hypothesis E^S ^ S {1 < i < n). Moreover if fii, ^2 G WX 
and there exists a path from /ii to /X2 in the graph, we have S fl V^-^ = S (1 V^,^ . To 
complete the proof, we show that there is a path from A to ^^(A). 

Note that ^ WX, since otherwise WX contains only the element in contra- 
diction of (A,aJ) > 0. Thus for each /i G WX, there are integers h and h' with 
1 < h,h' < n such that {fi,a'^) < and (/i, a)^,) > by Lemma 17751 Therefore, 
by the construction of the graph, each vertex has at least one incoming and at least 
one outgoing edge, and no vertex is self-adjacent. At each vertex, color exactly one 
incoming and exactly one outgoing edge. We have (rj(A), aj) < 0, so we may assume 
the edge {rj{X), A) is colored. A simple argument shows that A is contained in a cycle 
of colored edges. Thus there is a path from A to rj{X). The result follows. □ 

Proof of Theorem 12.51 Let V be a finite-dimensional irreducible [/g(0)-module of 
type e. Suppose a G (F^)". We first prove that the desired ?7-°-module structure 
on V exists. For 1 < i < n let Cj and kf^ act on V as eia~^Ei and Siof^Kf^ 
respectively. Then using the defining relations for Uq{Q) in Definition l2.2l it is easy to 
see that e, and kf^ satisfy (rl)-(r4) and therefore induce a f/-°-module structure on 
V . From the construction, the operators Ei — Sia^^Ci and K^^ — Siof^ki vanish on 
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V. We have now shown the desired [/-"-module structure exists, and it is clear that 
this [/-"-module structure is unique. Next we show that the [/-"-module structure 
is irreducible. To this end, we let S denote an irreducible [/-"-submodule of V and 
argue that S = V. Since V is an irreducible f/g(g)-module, it suffices to show that 
S is nonzero and invariant under Uq{g). By construction, S is nonzero and invariant 
under Ei,Kf^ (1 < < '^)- We claim that S is invariant under Fi {1 < i < n). 
Let i be given, and define S := {v E S\FiV E S}. To prove the claim, it suffices to 
show S = S. Since 5* is an irreducible [/-"-module, it is enough to show that 5* is 
nonzero and invariant under [/-". Fix j with 1 < j < n. It follows from (R5) and 
the fact that Ej — ejaJ^Cj and K^^ — ejaj^kj are on V that ejS C S. By (R3) 
we have KjEi = q- ^'EiKj. By this and since Kj — ejOj kj is on V, we find that 
kjEi — q^^'Eikj vanishes on V. Consequently, we have kjS C S, and then kJ^S C S 
holds as well. Thus 5* is invariant under f/-". To verify that S ^ 0, observe that by 
Lemma FTOf i). we have 5* = J^xeA^^ ^ ^^)- -^^ Lemma EH Ei is nilpotent on V, so 
we can choose A G A such that 5* fl Va 7^ and Ei{S nVx) = 0. In view of Lemma 
IT.fjf i) and our choice of A, we have (ri(A), a^) < 0. By Lemma imf ii). we can choose 

Oj^veSn K,(A)- It follows that eI'^'^'^^^'^'^K G Ei{S n Vx) = 0. Thus by Lemma 
I7.6r ii). FiV = 0. We have v E S, so S 0. We have shown that 5* is nonzero and 
invariant under f/-". Thus S = S since S is an irreducible [/-"-module. The claim 
follows. We have shown that S is nonzero and invariant under Uq{g), so 5* = \^ since 
V is an irreducible L/g(0)-module. Thus V is an irreducible [/-"-module as desired. 
It is routine to show the [/-"-module structure on V has type a. □ 



8 Irreducible ?7g(g)- -modules 

Theorem 8.1. Suppose e G {1, —1}". Then the following hold: 

(i) Let V be a finite- dimensional irreducible Uq{g)-^ -module of type e. Then the 
action of Uq^g)-^ on V extends uniquely to an action of Uq{g) on V . The 
resulting Uq{g) -module structure on V is irreducible and of type e. 

(a) Let V be a finite- dimensional irreducible Uq{g) -module of type e. When the 
Uq{g)-action is restricted to Uq{g)-^, the resulting Uq{g)-^ -module structure on 
V is irreducible and of type e. 

Proof, (i) We define an action of [/-" on V such that kf^ acts as Kf^ and acts 
as Ei for 1 < i < n. This [/-"-module structure has type e. By Theorem 12. 4[ there 
exists a unique [/g(0)-module structure on V such that the operators kf^ — Kf^ and 
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Ei — Cj vanish on V for 1 < i < n. This structure is irreducible and of type e, and it 
restricts to the [/q(0)-°-module structure on V. The result follows. 

(ii) We let S denote a nonzero [/q(g)-°-sub module of V and claim that S = V. 
By its definition, S is invariant under Kf^,Ei for 1 < i < n. By Theorem 12.51 for 
any a G (F^)", there is the structure of a [/-^-module on V such that the operators 
K^^ — Eiaf^ and Ei — Sta'^ei vanish on ^ (1 < z < n). From this we see that S is 
invariant under f/-°. But the [/-^-module structure on V is irreducible by Theorem 
12.51 so S = V and our claim is proved. Note that V has type e as a f/g(g)-°-module 
since it has type e as a ?7g(g)-module. □ 
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